a b s t r a c t Limit of power from amplified spontaneous emission (ASE), round-trip loss, and overheating is considered within simple model. The optimization of the output power with respect to size of the pumped region, its thickness and round-trip gain leads to the scaling laws for these parameters. In vicinity of the limit of power scaling, the round-trip loss should scale inversely proportional to the cubic root of the desired output power. This prediction agrees with the experimental data. The use of the thick undoped layer (anti-ASE cap) allows to increase for an order of magnitude the maximal power achievable at the same round-trip loss.
Introduction
Disk lasers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] are believed to allow power scaling. This scaling could be limited by various mechanisms. In order to understand, which mechanism is dominant, we need at least qualitative estimates for each of them. The dominant mechanism should determine the scaling laws for the most important parameters of a powerful laser. In this paper, we consider the only one of possible mechanisms which may affect the power scaling. We analyze the limit which comes from the amplified spontaneous emission (ASE), overheating and round-trip loss. We use the simplest model [12] which still takes into account these three effects and allows to estimate the maximal power achievable at given value of the round-trip loss. In paper [13] , the formalism is adopted for the case with an undoped layer ( Fig. 1) , which acts as anti-ASE cap [6] . Such generalization, as well as the estimates of the effective path of ASE, caused discussions, even in the case without anti-ASE cap [14] .
In this paper we simplify the deduction and combine results of papers [12] and [13] , making the most of the formulas valid for both cases, with the anti-ASE cap and without ( Fig. 1a and b) . Also, we discuss the objection of Comment [14] about the estimate of the effective path of ASE in the gain medium.
Effective path of ASE and effective lifetime
In this section we combine the estimates of papers [12, 13] for the effective path of ASE in cases with anti-ASE cap and without (Fig. 1) .
The bouncing ray, reflecting at the angle of total internal reflection, may have length of order of 2L; such a ray is shown in left hand side of Fig. 2 . Not all photons of ASE are trapped within the active slab, some of them go up or down and leave the active medium at the first intent; also, some photons are emitted to the direction of the closest edge of the disk, they also have path significantly shorter than 2L. For this reason, Comment [14] suggests the estimate, there the effective path is L=2, i.e., one quarter of the maximal path shown in Fig. 2a . Due to the exponential growth of ASE, the effective path is determined by the longest rays, not shortest ones; even if majority of rays indeed have length of order of L=2. The more detailed analysis could be performed using ray tracing. Up to our knowledge, such analysis is not yet reported; so, the correction factor for the effective length is not justified. Therefore, we use L without coefficients as the estimate of the effective path of ASE in the gain medium.
Assume that the excitation of the active medium is dropped by ASE in such a way, as if all ASE photons would have some equivalent effective path in the gain medium. This leads to the estimate of the effective lifetime for the disk laser without cap
At the anti-ASE cap, the most of photons leave the active layer at the first pass (Fig. 2) , and the maximal path of ASE in the active layer is only ffiffiffi 2 p L, instead of 2L of uncovered disk. The only small portion of photons, proportional to the angle 2h=L, may get significant gain (Fig. 2b) . This allows to increase gain G or size L in compare to the uncovered layer, and operate the laser at larger values of the transverse-trip gain u ¼ GL. In the case with cap, the maximal length of the ASE ray in the gain medium shorter (L ffiffiffi 2 p instead of 2L), but the suppression of ASE allows the efficient operation at larger values of the transverse-trip gain u ¼ GL, This makes contribution of longest rays even more dominant; it is not obvious, how should we correct the estimate of the effective length, should it be increased or reduced in compare to the case of uncovered disk. Therefore, for the qualitative consideration, we keep L as the estimate of the effective length in both cases, for uncovered disk laser and for the disk with undoped cap. Then, the effective lifetime s for the laser disk with anti-ASE cap can be estimated with
The estimate of the effective length (and the effective lifetime) above assumes, that no parasitic laser oscillation occurs within the plane of the gain medium. Such oscillations should be suppressed with absorbing layers, shown in Fig. 1 and right hand side of Fig. 2 . Then, within our model, the only different estimates (1) and (2) of the effective lifetime make difference between uncovered disk laser and disk with anti-ASE cap (Fig. 1 ).
Round-trip gain and the round-trip loss
For the accurate consideration with geometric optics, one should define distribution of gain Gðx; y; zÞ and the gain along each path XðaÞ, YðaÞ, ZðaÞ (parameterized with length a) is determined with the integral R GðZðaÞ; YðaÞ; ZðaÞÞda. For our estimates, we take the round-trip gain g ¼ 2Gh, assuming, that gain G does not vary much inside the pumped region. After passing the gain medium, intensity I becomes I expðgÞ. Assume, the only small part of the energy of the light in the cavity is outputted at each round-trip. The intensity I after the output coupler becomes ð1 À hÞI.
Assume, the background loss b at each round-trip reduces the intensity with factor ð1 À bÞ. For the cw operation, the round-trip gain g compensates both, the output coupling h and the background loss b. At b ( 1, h ( 1, the round-trip gain g ¼ b þ h. The loss may be determined by technological limitations; then the gain is determined by the output coupling parameter h. For optimization at given b, round-trip gain g is good as independent parameter; and the difference g À b ¼ h is output coupling.
Thermal loading and overheating
The power of pump is limited with the thermal shock. The thermal shock parameter [6] can be defined as
, where k is thermal conductivity, r T is maximal tension the material can resist, a is the thermal expansion coefficient, E is the Young's modulus, and m is the Poisson ratio. For the layer of the gain medium placed at the heat sink, the pump power cannot exceed value
where q % 1 À xs xp is part of the absorbed pump power which is converted to the heat inside the active medium.
Even if the medium resists well the gradient of the temperature, the raise of temperature at which it still can efficiently operate is limited; assume, the maximal raise DT of temperature is allowed. It limits the pump power with
The combination of the two estimates (3) and (4) gives the estimate
where
is thermal loading parameter [12] . The ''abrupt" combination (6) of effects of overheating and of the thermal shock into a single thermal loading R is suitable for qualitative estimates. Generally, in this paper we consider only unavoidable mechanisms, which are essential for the limit of power due to overheating, threshold and ASE. We do not include into this model any effect which ''may affect the resulting estimate" [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] ; but we include an effect if its neglecting does not allow to estimate the upper limit of power. The smooth drop of efficiency at the increase of temperature of the gain medium may be especially important for the detailed model of Yb doped crystals, where the various sources of thermal load may be equally important [1, 2] . In this paper we do not analyze these effects and describe the thermal properties of the medium with single parameter R. This parameter determines how much pump power can be absorbed in the active medium at given h and L.
Threshold
For the efficient operation, the laser should work well above the threshold. The output power can be estimated with
where the threshold power P th ¼ hxp s gL 2 2r [22, 12] . Define the saturation intensity
This expression can be maximized under condition P p 6 RL 2 =h, assuming Eq. (1) for the uncovered laser and (2) for the laser with cap. It is important to understand, how many parameters do we really need to play with, optimizing the output power. The consideration becomes simple, if we use g ¼ 2Gh; u ¼ GL as independent parameters, and express optimized sized L and h in terms of g and u.
The condition of the efficient cooling gives:
. Condition for gain gives: These relations hold for both uncovered disk laser and the disk with anti-ASE cap, and allow to recover physical dimensions of the optimized laser from parameters g and u. The output power also can be expressed in terms of these parameters
; ðno capÞ; ð11Þ
; ðwith capÞ: ð12Þ
Within this model, the key parameter is
As g should remain larger than b, and e u =u 2 has minimum, the P k determines the order of magnitude of the maximal power, achievable at given round-trip loss b. In the following sections, we consider optimization of the output power for laser without cap and laser with anti-ASE cap, each for two cases, with limited input power and (P p is fixed parameter) and without such a limit (when the pump power is one of optimizing parameters).
In the following, we use dimension-less variables p and s instead of power of pump and that of signal.
for each of the four cases (given p or maximal p for the disk with-or without cap).
Case without cap, optimization at given p
For the case without cap at given p, we have
This expression has maximum at u ¼ 2; this level is shown in Fig. 3A with dashed horizontal line. Then we find the optimal round-trip gain, maximizing
The maximization of s with respect to g gives 16=e 2 3 À 2b=g
The resulting gain g versus p is shown in Fig. 3B with dashed lines. Graphics in Fig. 3 look almost straight. This can be interpreted as scaling laws. For the efficient operation (g ) b), we have an estimate
Together with condition u ¼ 2 and Eq. (10), estimate (18) determines also the simple expressions for scaling of optimal sizes L and h at the power scaling.
As the power approaches the maximum, the approximation g ) b is not valid and the graphics deviate from straight lines. This deviation is small. For b ¼ 0:001, the approximation (18) The optimal sizes L and h can be estimated from (10); these sizes are shown in Fig. 3C with dashed lines for various values of b; they also look almost straight. In order to make the result not dependent on the particular medium, dimension-less variables L=r 0 and h=r 0 are used; r 0 ¼ R=Q . The resulting normalized output power is shown in Fig. 3C . Fig. 3D shows, that at each b, there is some maximal pump power; the optimization for a larger pump power per active element does not lead to an increase of the output power. If we are interested in the maximal power per active element and do not care about efficiency, we consider p as variable. Optimal u ¼ 2 keeps as in previous case, but now optimal round-trip gain g ¼ 4 3 b. This gives optimal sizes
optimal power of pump and corresponding power of signal are
At such a maximal power, the efficiency is low; it does not exceed 1/ 8. If the disk laser works close to the limit of the power scaling, then significant part of the pump power is absorbed in the absorbing layers ( Figs. 1 and 2b) . In order to deliver this power to the heat sink, the absorbing layer should be thick. High density of ASE allows its recycling: the absorbing layer might be also an active medium that can be efficiently pumped at frequency x s . Such a co-laser could help to drain the unusable energy from the edges of the disk laser and simplify the cooling. The development of laser materials with shifted working frequencies of pump and signal may found application in powerful disk lasers.
Optimization with cap
For the case with anti-ASE cap, the dimension-less output power s ¼ xs xp P s =P d can be estimated as follows:
We set the derivatives with respect to u and g to zero; this gives the equations
leading to
We may use u for parameterization of graphics; then we have no need to solve any transcendental equation in order to plot optimal u versus p at given b. As in the case without cap, there is maximal pump power; we maximize (21) with respect to u, g and p.
Maximization with respect to p gives
The maximization with respect to u and g gives
The combination gives
Again, no need to solve a transcendental equation in order to plot optimal u versus b.
As the consideration is qualitative, the simple asymptotic estimates is more suitable than the exact solution of approximate equations.
We re-write the Eq. (26) as follows:
can be used as small parameter; then, optimal transverse-trip gain
For b ¼ 0:001, the leading term of this asymptotic is shown in Fig. 3A with thin solid line; it is close to the thick line, which represents more accurate optimization. This indicates that the use of only leading terms of asymptotic in this section gives reasonable approximation. Using this the asymptotic (28), we estimate the optimal roundtrip gain
and optimal sizes L % r 0 16 3 be
h % r 0 8
The maximal power is estimated with
The asymptotical estimates above are written in such a way, that the partial sums remain positive (and have physical sense) even at e % 1. The leading terms of the estimates are shown with thin circles in Fig. 3D ; at the logarithmic scale, they look very close to the thick circles, which correspond to exact maxima of expression (21); the leading terms in asymptotic in this section give good approximation for the optimized parameters of the thin disk laser. The simplicity of these expressions means that again, as in the case of uncovered disk, we have the scaling laws.
At small values of b, the ratio of maximal power of a disk laser with cap to that with uncovered active layer can be expressed as follows:
power with cap power of uncovered disk % 
at b % 0:01, at the same round-trip loss b, anti-ASE cap may allow to increase the maximal output power. However, the practical application of the anti-ASE cap should depend also on the affect of this cap on the round-trip loss, or on the ability to manufacture a cap which, does not increase the round-trip loss. Such a cap may allow to increase the size L to centimeters. The manufacturing of a single crystal becomes difficult with the increase of the size, while the optical properties of modern ceramics are very similar to those of single crystals [29, 30] . Therefore, the application of the anti-ASE cap refers to the ceramic technology rather than to the growth of a wide single crystal. The scaling laws (28)- (33), as well as the scaling laws (10), (19) , (20) from the previous sections have sense while the power of laser is limited mainly by the ASE, background loss and thermal loading. While a disk laser operates far from the maximal power achievable at the given round-trip loss b, other mechanisms (not taken into account here) may affect the power scaling; but the output power cannot exceed the estimate (20) for uncovered disk and estimate (32) for a thin disk laser with anti-ASE cap. Such a statement is general and needs to be confirmed (or negated) with experimental data.
Comparison with experimental data, recovery of b
We do not count with original data about the thermal loading R and round-trip loss b in disk lasers of highest power. Therefore, we write all the estimate in dimension-less form, for the normalized variables. Such estimates have no need to be revised each time when a breakthrough experiment suggests significant improvement of properties of a laser material: increase of R or reduction of b. Nevertheless, we should deal with dimensional variables in order to compare our estimates with the experimental data. We suggest such a comparison in this section.
Usually, no estimate of b is reported in the experimental papers. Instead, the output coupling h is specified (The round-trip gain is determined with g ¼ h þ b). Also, many authors specify the efficiency g a of absorption of pump and the slope efficiency g s achieved; it can be expressed also with
Form this equation, we get the estimate for the round-trip loss
used to construct the Table 1 . The data from Table 1 are shown in Fig. 4 . Estimates (20) and (32) Table 1 are rather guess than a well measured values, the resulting Fig. 4 shows that our estimate does not contradict experimental data. All the experimental data (even those reported after the publication [12] of the estimate (20) ) are below the theoretical upper bound. Any datum with round-trip loss b above the theoretical estimate in Fig. 4 would contradict our model; up to our knowledge, no such data are reported. The use of dimension-less variable instead of output power allows to extend our predictions to wide class of disk lasers, including those which are not yet reported. In such a way, our prediction applies to any thin disk laser, with any medium which allows to determine the thermal loading R and saturation intensity Q.
The quality of a laser medium is not characterized by the position of the laser at the diagram in Fig. 4 . The appropriate choice of wavelength of pump and that of signal (or even use of a new very prospective medium which is not yet reported) may reduce the quantum defect (especially at cryogenic temperatures), increasing R and reducing Q. This would increase the key parameter P k and allow to increase the output power (even at same round-trip loss b). Such an advance has no need to increase the normalized power s; the experimental dots (being plotted in Fig. 4 ) are expected to remain at the lower side of the graphic.
The correction coefficient 1/2 in the estimate for the effective length of ASE in the gain medium is suggested by [14] . Such a correction would lead to a factor 4 in the estimate for the maximal power, displacing the curves to right hand side for more than a half of the step of the grid. Such a correction would lead to a safer (softer, weaker) estimate. There is nothing wrong in application of a correction coefficient to the estimates, obtained with qualitative analysis above. However, until now, no experimental data indicate any need in such a correction; all the results are at least one order of magnitude left from the limit, marked with dashed line in Fig. 4 . Our estimate of the lower bound for the round-trip loss (or the estimate of the maximal power at given round-trip loss b) does not contradict the experimental data.
The key parameter P k by (13) is criterion for comparison of different gain media. Parameters R and especially b are difficult to recover from publications about experimental realizations of disk lasers, and the estimate with Eq. (35) is not accurate. This estimate may indicate properties of the Yb : Lu 2 O 3 , which allow to prepare the surfaces with high quality and achieve especially low values of the round-trip loss b. However, the value of P k in the upper right corner of the Table 1 is so huge, that it can be attributed, at least partially, to the poor recovery of b with Eq. (35). Careful measurement of parameters R and b for various laser materials is important for their evaluation. Especially important are estimates of parameter P k for laser ceramics, which allow to make a thin wide slab of the active medium.
Conclusions
Two configurations (Fig. 1) are analyzed within simple model. The laser material is characterized with thermal loading R, saturation intensity Q, and background loss b. This model reveals the scaling laws for the optimal parameters of such a laser at the power scaling and allows to estimate the maximal power achievable at given round-trip loss b. The upper limit of power presented here should be compared to the limits due to other mechanisms.
The upper limit of power is consistent with published experimental data (Fig. 4) . The thickness h and size L, which allow to achieve the maximal power, follow the scaling laws h $ R Q b , Table 1 . The dashed line, estimate for the disk without cap by (20) . The solid curve shows the estimate by (24) and (26) for the disk with cap. The straight solid line represents the rough estimate b ¼ p À1=3 without coefficients.
